We prove that the complex Hermite polynomials H m,n on the complex plane C can be realized as the Fourier-Wigner transform V of the well-known real Hermite functions h n on the real line R. This reduces considerably Wong's proof [Wong MW. Weyl transforms. New York: Universitext. Springer-Verlag; 1998. Chapter 21] giving the explicit expression of V(h m , h n ) in terms of the Laguerre polynomials. Moreover, we derive some new integral identities for the classical real Hermite polynomials H m .
Introduction
The Fourier-Wigner transform is the windowed Fourier transform defined by for every (p, q) ∈ R × R and every complex-valued functions f , g ∈ L 2 (R). This transform is a basic tool to study the Weyl transform [1] [2] [3] and to interpret quantum mechanics as a form of nondeterministic statical dynamics. [4] In addition, the transform V leads to the well-known Segal-Bargmann transform for a special window function. [2, 5] This transform, can be used to construct orthonormal bases for the Hilbert space L 2 (C) from orthonormal bases of L 2 (R), where L 2 (C) (resp. L 2 (R)) is the classical Hilbert space equipped with the norm · L 2 (C) (resp. · L 2 (R) ) corresponding to the classical scalar product ·, · L 2 (C) (resp. ·, · L 2 (R) ).
In the present paper, we provide a new application of the Fourier-Wigner transform in the context of the complex Hermite polynomials H m,n . [6] [7] [8] More precisely, we realize H m,n (z;z) as the Fourier-Wigner transform of the well-known real Hermite functions h n on R. This reduces considerably Wong's proof [1, Chapter 21] giving the explicit expression of V(h n , h m ) in terms of the Laguerre polynomials. Moreover, we derive a new generating function for the complex Hermite polynomials H m,n as well as some new identities in the context of integral calculus.
The basic properties of the Fourier-Wigner transform, and the real and complex Hermite polynomials we need are collected in Section 2. In Section 3, we state and prove our main results.
Preliminary results
In this section, we review some preliminary results, on the Fourier-Wigner transform as well as on the real and complex Hermite polynomials, that we need to formulate and prove our main results.
The Fourier-Wigner transform V :
It can be realized as a Fourier transform defined on R by
for every given f , g ∈ L 2 (R) and fixed p ∈ R. More explicitly,
:
giving rise to
Using Moyal's formula, it can be shown that the Fourier-Wigner V can be used to construct orthogonal bases of
Recall also that the classical real Hermite polynomials H n (x) are defined by the generating function
Associated with H n are the normalized Hermite functions
which constitute an orthonormal basis of the Hilbert space L 2 (R). Here
An interesting result for the Hermite functions is Mehler's formula [9, 10] :
An extension of H m (x) are the so-called complex Hermite polynomials H m,n (z,z) introduced by Itô [11] in the context of complex Markov processes. The polynomials H m,n constitute a complete orthogonal system of the Hilbert space L 2 (C; e −|z| 2 dx dy); z = x + iy, and appear naturally when investigating the eigenvalue problem of some second-order differential operators of Laplacian type. [12] [13] [14] They can be defined by means of their generating function [7] : The explicit expression of H m,n in terms of the generalized Laguerre polynomials ( [10] ) L (α) n (x) is given by [7, 15] : [15] coherent states theory, [16, 17] combinatorics [8, 18] and signal processing [19, 20] have been studied recently. In the next section, we realize H m,n (z;z) as the Fourier-Wigner transform of the well-known real Hermite functions h n on R, and derive interesting identities for these polynomials.
Main results
In this section, we provide new applications of the Fourier-Wigner transform in the context of complex Hermite polynomials. The first main result gives the explicit expression of V(h m , h n ) in terms of the complex Hermite polynomials H m,n . Theorem 3.1: For every p, q ∈ R, we have 
On the other hand, using (2.2), we can write 
Remark 3:
We recover the result established by Wong [1] expressing V(e n , e m ) in terms of the Laguerre polynomials (iz in Wong's notation is z in ours). However, our proof reduces considerably the one given by Wong.
We conclude this paper by noting that by adopting the same approach as above, one can introduce a new class of orthogonal polynomials on the quaternion R 4 = H. This is the subject of another paper.
